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abstract
Using the Hubbard model Hamiltonian in a mean field level, we examine the
variation of antiferromagnetic strength with applied magnetic field. It is demon-
strated that minima in the antiferromagnetic strength exist at the the even integer
denominator values of rational number for magnetic flux per plaquette. The un-
dulatory behavior of antiferromagnetic strength with the external magnetic field is
found. It is seen to be related to the undulatory net statistical phase owing to the
influence of the applied magnetic field.
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I. Introduction
Earlier Hasegawa et.al.[1] examined the total kinetic energy of spinless non-
interacting electrons in two-dimensional lattices as a function of magnetic flux
per plaquette and found an absolute minimum for the case of one flux quantum
per particle for a square lattice. One of the most widely used computational
methods for the studies of interacting electron systems is the Hubbard model
Hamiltonian [2] for various investigation of physical properties [3-5]. In the
present study, we pay attention to the variation of antiferromagnetic strength,
band gap and total energy with the applied magnetic field for the system of
interacting electrons in a two-dimensional square lattice.
II. Variation of Antiferromagnetic Strength, Total Energy
and Band Gap with External Magnetic Field
With the external magnetic field, the one-band Hubbard Hamiltonian is
written,
H = −t
∑
〈i,j〉σ
exp[(−i2pi/φ0)
∫ i
j
Adl]C+iσCjσ + U
∑
j
nj↑nj↓ − µ
∑
j
(nj↑ + nj↓) (1)
Here t and U are the hopping integral and the Coulomb repulsion energy
respectively. µ is the chemical potential. 〈i, j〉 stands for summation only over
the nearest neighbors. njσ is the number operator for an electron of spin σ
at site j, njσ = C
+
jσCjσ with C
+
jσ(Cjσ), the creation (annihilation) operator
for an electron at site j. φ0 is the magnetic flux quantum, φ0 =
hc
e
. The
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electromagnetic vector potential in the Landau gauge is A = B(0, x, 0) with
x = ma for the m-th site along y direction with lattice spacing a. Thus
∫
Adl = mBa2 = mφ with φ = Ba2.
Applying the mean field (Hartree-Fock) approximation [6] to the Hubbard
model Hamiltonian with the use of the two component spinor,
ψj =


Cj↑
Cj↓

 , (2)
and the spin operators,
Sz(j) =
1
2
(C+j↑Cj↑ − C
+
j↓Cj↓), (3)
and
S+(j) = C
+
j↑Cj↓, S−(j) = C
+
j↓Cj↑, (4)
one readily obtains
H = −t
∑
〈ij〉
exp(−i2pimφ/φ0)ψ
+
i ψj + U
∑
j
ψ+j [
1
2
〈n(j)〉 − 〈S(j)〉]ψj
+U
∑
j
{〈Sz(j)〉
2 + 〈S+(j)〉〈S−(j)〉 −
1
4
〈n(j)〉2}
−µ
∑
j
(nj↑ + nj↓),
(5)
where
n(j) = C+j↑Cj↑ + C
+
j↓Cj↓ (6)
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and
〈S(j)〉 =


Sz(j) S−(j)
S+(j) −Sz(j)

 , (7)
where Sz(j), S+(j) and S−(j) denote the average values of Sz, S+ and S−
respectively in the ground state.
For non-interacting spinless electrons, i.e., U = 0, we performed numerical
calculations of the total kinetic energies per site at various values of both
electron filling factor, ν and magnetic flux per plaquette, φ = (p/q)φ0 for
the finite size square lattice of 24 × 24. Our calculations[7] yielded excellent
agreements with Hasegawa et. al.′s exact results[1] for the square lattice of
infinite size. In Table 1, for the (24 × 24) antiferromagnetic square lattice of
a half-field band we show the variation of the total electronic energy with the
flux quantum per plaquette at various values of Coulomb repulsion energy. For
the non-interacting electrons, the total kinetic energies agreed extremely well
with the exact results of Hasegawa et al. It is of note that the tabulated total
energy at φ = 1
2
φ0 with U = 0 is twice the value for the case of the integer
quantum Hall effect(IQHE) with quantum number 1. For the present case of
the half-filled band it corresponds to the IQHE with quantum number 2. It
is of note that the absolute minima of the total energies are always found at
the flux value of φ = 1
2
φ0, regardless of whether electron correlation is present
(U 6= 0) or not (U = 0). In the presence of a periodic potential the total
4
electronic ground state energy in an external magnetic field is found to be
always smaller than the case of zero magnetic field. It is also of note that the
total energy difference between zero and non-zero magnetic fields decreases
with the strength of electron correlation.
We define α =
∑
i
|〈Sz(i)〉|
2/N as antiferromagnetic ‘strength’ or loosely
‘order’ parameter to estimate the variation of antiferromagnetic strength with
the applied magnetic field. In Fig. 1 we show the variation of α as a function of
the magnetic flux φ = (p/q)φ0 for various selected values of U . The solid lines
indicate the computed results for the 20×20 square lattice. Symbols other than
the solid line represent various sizes of square lattices up to the size of 36× 36
with which the periodic boundary conditions are satisfied. Despite the failure
of meeting the periodic boundary condition with q = 3, 5, 8 in the rational
number of p/q, it was found that the 20× 20 square lattice yielded reasonably
good agreements with the results from other square lattices which satisfy the
periodic boundary conditions [7]. The variation of antiferromagnetic strength
(order parameter) α with the magnetic flux φ diminishes at substantially high
values of U, e.g., U = 20t. It is to be noted that there exists a strong tendency
of losing the antiferromagnetic strength at φ = 1
2
φ0 even with relatively strong
correlation, e.g., U = 3t as shown in Fig.1. Unless correlation (Coulomb
repulsion) is exceedingly strong, the absolute minima are found to occur at
φ = 1
2
φ0. With the lower values of U , there exists undulatory variation of
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the antiferromagnetic strength α with the magnetic field. Interestingly, local
minima are found only at the even integer values of q (denominator) for the
magnetic flux per plaquette, particularly so at larger values of φ = (p/q)φ0,
e.g., 1
2
, 3
8
, 1
4
, 1
6
, and 1
8
, while at the odd integer values of q such local minima do
not exist. To explore the cause of such differences in antiferromagnetic strength
between the even and odd integer values of q, we computed the band gap as a
function of magnetic field. As shown in Fig.2, the band gap also showed local
minima at the even integer values of q. Consequently, easier electron hopping
at the even integer values of the denominator for the flux tends to destroy the
antiferromagnetic strength. A noticeable band gap opening begins to occur
above U = 2t. As shown in both Fig.2 and Fig.3, for all values of Coulomb
repulsion energy U the absolute minimum of band gap is also found to occur
invariably at φ = 1
2
φ0, thus causing absolute minima in antiferromagnetic
strength at this value of magnetic flux.
The generalized equal time commutation relation for anyons with hard
cores on a square lattice is given by the Jordan-Wigner transformation[3]
aia
+
j = δij − e
iδa+j ai
where a+i and aj are the anyon creation and annihilation operators on the sites
i and j of the square lattice. The angle δ represents a phase associated with
the statistical (Chern-Simons) gauge field. The Heisenberg antiferromagnet on
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a square lattice is equivalent to an arrangement of spinless fermions coupled
to a Chern-Simons gauge field. The present study deals with the role of the
external magnetic field on the square lattice of antiferromagnet. Our com-
puted results showed the absolute minima of the antiferromagnetic strength α
with the magnetic flux of 1
2
φ0 per plaquette. This indicates that part of the
statistical (Chern-Simons) gauge field coupled to the spinless electrons is can-
celled out by the contribution of the electromagnetic vector potential (gauge
field). For the system of relatively weak electron correlation, say, U ≤ 2t, the
effective (net) statistical gauge field is found to be small or negligible for the
spinless fermions at the value of φ = 1
2
φ0. The undulatory behavior of the
antiferromagnetic strength discussed earlier is now noted to be related to the
undulation of the effective (net) statistical phase (or net statistical transmu-
tation) of spinless fermions coupled to the Chern-Simons gauge field which is
partially cancelled out by contributions from the external magnetic field. In
summary the undulatory cancellation of the statistical (Chern-Simons) gauge
field by the electromagnetic gauge field is maximized at the value of the mag-
netic flux, φ = 1
2
φ0. Thus this results in the spinless fermions coupled to the
substantially reduced net gauge field for the case of relatively weak correlation.
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III. Conclusion
In the present study we examined the variations of the total electronic
ground state energy, band gap, and antiferromagnetic strength(order) with
the magnetic flux for various strengths of electron correlation. The absolute
minima of antiferromagnetic strength, total electronic energy and band gap
were found to invariably occur at the value of magnetic flux, φ = 1
2
φ0 per
plaquette. For the case of the total energy the absolute minimum at φ = 1
2
φ0
was shown to be universal, regardless of whether electron correlation is present
or not. For U 6= 0, the undulatory antiferromagnetic strength α was found to
give local minima at the even integer values of denominators for the magnetic
flux per plaquette, that is, 1
2
, 3
8
, 1
4
and 1
8
. Unless electron correlation is suf-
ficiently strong, the undulatory variation of antiferromagnetic strength with
magnetic field is found to be related to the undulatory variation of the effective
statistical phase, which results from coupling of the spinless fermions to the
statistical (Chern-Simons) gauge field that is affected (partially cancelled) by
the electromagnetic field. At the even integer denominator values of the mag-
netic flux, electrons are seen to behave like spinless non-interacting fermions
due to coupling to a small or negligible net (effective) gauge field particularly
with relatively weak correlation, say, U ≤ 2t, thus showing equivalence to the
integer quantum Hall effect.
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Table 1 : Variation of the total electronic energy per site with magnetic flux per pla-
quette, φ = (p/q)φ0 for the (24 × 24) antiferromagnetic square lattice of a
half-field band at various values of Coulomb repulsion energy U .
Fig. 1 : Change of antiferromagnetic strength (order) parameter α with magnetic flux
per plaquette, φ at various strengths of electron correlation, U .
Fig. 2 : Variation of band gap with magnetic flux per plaquette, φ at various strengths
of electron correlation, U .
Fig. 3 : Band gap vs. Coulomb repulsion energy, U as a function of magnetic flux per
plaquette, φ.
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Table 1:
U\φ 0 1
8
1
4
1
3
3
8
1
2
0.0 −1.617 −1.650 −1.717 −1.712 −1.758 −1.915
0.5 −1.743 −1.775 −1.842 −1.838 −1.883 −2.040
1.0 −1.870 −1.900 −1.967 −1.965 −2.009 −2.165
1.5 −2.001 −2.027 −2.092 −2.097 −2.139 −2.290
2.0 −2.139 −2.160 −2.218 −2.235 −2.275 −2.415
3.0 −2.447 −2.462 −2.500 −2.533 −2.565 −2.666
4.0 −2.797 −2.808 −2.836 −2.865 −2.886 −2.935
20.0 −10.198 −10.198 −10.198 −10.199 −10.199 −10.200
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